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ABSTRACT INTRODUCTION
This research shows the generalization of Beta Development and Derivation of the Proposed
and Hjorth distribution through their distribution Beta-Hjorth Distribution

functions and asymptotic properties. The resulting
Beta-Hjorth Distribution (BHD) was defined and Now by using the logit of beta defined by Jones,

some of its properties like moment generating the mixture of Beta-Hjorth distribution can be
function, survival rate function, hazard rate obtained. Now let X be a random variable from
function and cumulative distribution function were the distribution with parameters and defined by
investigated. The distribution was found to eq(i) using the logit of Beta defined by Jones as:

generalize some known distributions with heavily
tailed and skewed, thereby providing a great g(x) = ——
flexibility in modeling non-normal data. 3( )

[GCOI* M1 -G Pgx) (@)

(Keywords: Beta-Hjorth, hazard rate function, survival [ +(rx2)
rate function, reliability) where 9(x;0,a) = (9 +ax)e 2 Jand

G0,a) =1 e (05 ) are the pdf and cdf
of Hjorth distributlon, respectively. Then the Beta-
Hjorth Distribution is obtained by using (1) are
shown by (2).

ax2y72 1 ax2\1P 1 ax2
feup (x;0,,a,b) = B; 5 [1 e )] [e‘(ﬁ’“? )] (6 + ax)e‘(ﬁ’“? ) )
ax2y127 1 ax2yq 21 ax?
= B[i,b) [1 — e_(8x+7 )] (6 + (;[x) [e—(8x+7 )] . e_(9x+7 ) (3)
ax2y72 1 ax2\1?
fBHD (.x, 6; a,a, b): (BB;‘?:)) [1 - e_(gx_'_? )] . I:e_(ex_'_? )] (4)
The cdf can be obtained as follows:
ax2\12 1 ax2y1?
Fono s0,00) = {22 [1 o0 [ 02] 0
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f(6'+ax)[1—e mﬁ_ ] [ gx_ ] dx (6)

B(a b)J0

2
Lety=0x + a;—x ;odx = put for dx in (6)

(9+ x)

e ranfi—e @) el e o
= sl —e 1 e T dy ®)
= B(ab) fo M1 —M)Ptdz;

t _ —
by following the approach of incomplete beta function, which states B(x;a,B) = fo X1 —x)F L.

fy MaT (1 - M)t dz = Bs[”a‘;;’) = Iu(a, b) ,

From this expression we can conclude that ( )

where Iu(a, b) is the regularized incomplete beta function and M is the cdf of the parent distribution.

B(M;a,b)

Fenp(M) = Iz(a, b) = B(ab)

C)

_ MY e _(A7D) ,n
" B(ab) n=0n![a+n)M (10)

and M is the cdf of Hjorth. Therefore (4) and (10) are the pdf and cdf of Beta-Hjorth Distribution,
respectively.
RELIABILITY

B(M;a,b) __ B(ab)—-B(M;ab)
B(ab) B(a,b)

R(t) =1 — Fewo(M) = 1 —

HAZARD FUNCTION

a—1 b—1
ll—e_( Gx_'izxz)] (84ax) le_{&ﬁ%z)] .e_( GJH%Z)

B(a.b)—B(M:ab)
B(a.b)

B(a.b)

H(x) =

_ 1 —(gx+% - —(Ox+ - (0247 B(a,b)
= 5D [1 —e (x 2 )] @ + ax) [e (x 2 )] .e (x 2 ) X Ba0)-BQLaD)
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a—1 b—1
i F) el )]

B(a,b)—B(M;a,b)

MOMENT

According to Cordeiro and DeCastro, the moment generating function of y generated beta distribution is
display as (9):

Mo(0) = 230 (1) (bgl)p@,ai—l) ©)
Where p(t,r) = [ e™[F()]" f(x)dx (10)
M) = S5 D (P ) 7 e TP Fdx )
M0 = s e (P ) [1 —e‘(ﬁ’“?z)]r 6 + ax)e 5 ) dx (12)

Let = b =i = 1, the mgf of Beta-Hjorth becomes the mgf of the parent distribution (Hjorth)

PARAMETER ESTIMATION (LOG-LIKELIHOOD)

Codeiro et al. (2011), stated (13) as the loglikelihood estimation method for estimating parameter
B = (a, b, ¢, T), where T is the parameter vector of the parent distribution.

[(68) = nlogc —nlog[B(a,b)]+ % logf(x;,7) + (a—1) Y-, logF(x;,7) + (b —
1Y log(1 — F(x;, 1))
(13)

The generalized distribution reduces to the class of beta generated distribution when c=1, and the
parameter vector f now 8 = (a,b,0,a) .

By making necessary substitution, (13) becomes (14):

[(B) = —nlog[B(a,b)] + X ,log ((6‘ + a:x)e_(eﬁ%z)) +(a—1) )3, log (1 —
) 4 0 - DT loge 5y

(14)
oup) _ -nt(@ , flath) ox+
e~ @ + r(a+b)+2 1 log (1—8 ( )) (15)
up) _ nt®) | Hath) owm o (e—(eﬁg’)) 16)
o @) | Harp) | 4i-1708
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DY, Llogle (5 )y

17
W _ gm0 ® ) —(9x+%2) ( 1Hyn °((o ax? b
— = di-1,log + ax)e + (a — i:1£(x+?) + (b —
" 2
nYL, (— (0x+% ))
(18)
n 1-x6- 2 n n
2B =y P p@- DY x— (b - DI x (19)
awp x(ax?+6x—2) x2 x2
2D -y A a- 0y (F) - 0- 2L (5) (20)

The parameter ﬁ,g, @& and 6 can be obtained via numerical method (Newton-Raphson Method) and
necessary hypothesis can be tested using the fisher information matrix.

PDF of Beta-Hjorth
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Figure 1: The PDF of Beta-Hjorth Distribution at Different Parameter Value.
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CDF of Beta-Hjorth
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Figure 2: The CDF of Beta-Hjorth at Different Parameter Value.
Reliability of Beta-Hjorth
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Figure 3: The Reliability of Beta-Hjorth at Different Parameter Value.
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Hazard of Beta-Hjorth
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Figure 4: The Hazard Value of Beta-Hjorth at Different Parameter Values.
CONCLUSION Akomolafe, A.A and A. Maradesa. 2017. “Beta-

This work shows the mathematical derivation of
the hybrid Beta-Hjorth and the parameter of this
distribution can be obtained via numerical method
preferably. Some mathematical properties along
with estimation issues are addressed. We have
presented an example where the mixed
distribution fits better than the parent distribution.
We believe that the subject distribution can be
used in several different areas. We also believe
this study will serve as a reference to advance
future research in the subject area.
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