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ABSTRACT

We present Gauss-Lobatto integral method with
accurate error formula for solution of Ordinary
Differential Equations. Legendre polynomial of
degree three and its corresponding Lobatto
polynomial are used as bases. Collocation
approach is used to derive a continuous scheme.
The collocation points are the transformed zeros
of the Lobatto polynomial onto the positive x-axis.
Evaluating the continuous scheme at these points,
we obtained discrete schemes which are
converted to Runge-Kutta function evaluations for
the iteration of the solutions. A corresponding
error estimation formula is derived for accurate
calculation of error of the solutions. The method is
highly efficient and A-stable. Some problems are
used to test our formulas.

(Keywords: Gauss-Lobatto polynomials, guadrature
points, collocation method, Runge Kutt f-evaluations,
error estimation, highly efficient, A-stable)

INTRODUCTION

These are many types of implicit Runge-Kutta
methods derived by authors [4] for the integration
of initial- value problems of ordinary differential
equations. The common implicit method uses
function values at predetermined (equidistant) x-
values (nodes) which gives result for polynomial
of degree n(for even number of nodes) and
n+1(for odd number of nodes). However we can
get much more accurate integration formulas by
using Radau, Lobatto, Gauss-Legendre
polynomials [5]. In this paper we use the
Legendre polynomial and it's correspond Lobatto
polynomial to get the transformed zeros of the
Lobatto polynomial in the interval [0,1], see
reference [7].

The other problem in numerical integration is to
determine the level of accuracy of our results,
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especially problems without close form or analytic
solutions. E. Feldberg [2] proposed and
developed error control by using two R-K
methods of different orders; this method is not
quite efficient since it cannot give accurate error
estimate, more so his method is for explicit
methods and explicit methods are unsuitable for
stiff or oscillation differential equation problems.

In this paper we develop a simple Runge-Kutta
method with accurate error estimation formula for
both stiff and non-stiff problems. Some varieties
of problems are used to test our methods. The
new schemes are highly accurate and stable.

METHODOLOGY

We consider the general initial — value problem of
first order ordinary differential equation:

vy =fCy),v(x) =y (1)

We seek a continuous scheme of they form:

-1 m-—1

Y= ) Q0 1y + ) A By ()
j=0 j=0
@

Where t is the number of interpolation points, m
is the number of collocation points, h is a

constant step size. Q;(x)andp;(x) are
polynomial functions defined as follows:

Q,(0= ) 0P

j=0
m—1

B =D b8P
=0 ®
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The coefficients (J; ; ST ; are undetermined elements of (t +m) x (t + M) matrix:

Q11 @12 @iz Qi1 NP1 ABs.... hBim-1
C={0Qz1 Q22 Qa3 . Qri1 RPss hPB3s...... hB31m-1 =€) @)

lQt+ m,1 II!I:.’}t+ m,2 lf1?1%+ m, =1 e h ﬁt+m, 1 - h’ Jgt+m,m— 1

Substituting Equation (3) into (2) we have:

t+m—1 /i-1 m—1 f+m-—-1
y(x) = Z QijVnaj + Zﬁijfﬂ+j P;(x) = Z ﬂjPi(x]
i=0 | j=0 i=1 i—0
=a'P(x) > .. . . . : (5)
t—1 m-1
Where a; = Qij Vnej Z Bijfasj
i=1 i=1
a=(ay ai ao,.... Atipy—1)
P(x) = (po(x), p1(x), P2(X) es ceev . P m—1 (X),) are basis functions. From Equation (5) we
impose the following interpolation and collocation conditions.
Qoo (Xy) + A1P1(X) + .. Qpom—1Peam—1(X) = s
aﬂpg (x) + alpi(xi) o at+m_1’pi+m_1(xi)=ﬁ- ................... (6)

Define V' ="( ¥, V41 = Ynsgqo fur frsg, =+ fr+q,, ) and a D-Matrix

pﬂ Exﬂ_) pl (xn) ?3'2 Exﬂj --------- pt+m— 1 (:x']‘?_)

_/plil (xn+q1) Py (xn+q1) -------------- pt+m—1(xﬂ+q1) \

Po (xn+qz) P1 (xn+ qz) """"""" Ptim-1 (x']‘l+ qz)
péﬁ {:xﬂ+qr_1 pl (xn+qt_1) 'pt+m—1 (xn+qm_1) (7)
Po(xn)  P1(XR) - Ptsagm_, Kniq,)
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The matrix D is assumed non-singular.
Then from Equation (6) and (7), we can write:

(Dol PG Pesm(Xn) N a
Da - Po (xn+q1) 251 (xn+q1) -------- pt+m—1(xn+q1) 8y

Po {:xﬂ.+q1-_1) p;_r [:xn+qr_1) """" pt+m—1(xﬂ+4m—1)

Po(xp  PL(X) e Prem—1 ()
D5 (Xnsgp) P (nrary) oo Phemes (Ymvary)
K e qr dr / L

Proposition:

V, C, & D defined above, satisfy
0 c=D"1

@  y@)=VI(D)(P(x)
Proof: See [9]

Specified Method:

weset p;(x)=x",1=0,1,..4, m=4,

{xﬂ+ g4

X

cN B
E .}Jn
a1 ﬁl""’-?i

Ct‘:”q“ y,

Using maple mathematical software, we obtain a continuous scheme of the form:

}r(x) = VT (D_lep(X) ...................

Now evaluating the continuous scheme at:

1 +/5 1 /5

Xn+q1:{]; xn+qz=§_ﬁ, xﬂ+ﬂ?a=§_ﬁ’xﬂ+q4:1
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15 2
These are the transformed zeros of Lobatto polynomial pé (Xj = ? x? — 5’

(x) is the Legendre polynomial of degree three, the transformation is defined as:
[3
1
T(xl-) = 3 [ a (JCE- - 1] + EJI:XE- + 1]] in [a,b], X; are the zeros of the Lobatto polynomial].
We obtain discrete schemes as follow:

Yn+g, = In

11 45 5 5 5 1345
Ynvay = Yn ¥ (o 30) e+ (55— 530) Mhoves + (35— 20 M —
1 45
(120 120) hﬁ”‘h
11 45 5 13 5 e
Vuvas = Yt (55— 30) Whavan * (55 00 Whusea + (55 + 136) Mhona
1 45
(120 120) hﬁ”‘“
1 5 5 1
Yn+g, = In + 12 hﬁ1+q1 + Ehﬁlh;z + 12 hﬁ1+q3 + Ehﬁlhh (11)

To convert to Runge—Kutta function evaluations, the discrete schemes (11) must satisfy the differential
Equation (1). Thus, we have:

.}J‘]‘;+q1 = f(xﬂ+qll.}!}1+q1) = f{:xnj.}!n]
11 NE 5
Visas = F(nsaznras) = FCon+ R Yn + (5ot 1) hfovay + (35
V5 5 1343 1 NG
) Marat (5= 0 Mves = (535~ 120) Wava
.(2.12) >
1 V5 5 (12)
.}IT:L+L33 = f(xn+q31yn+q3) = f{:xﬂ + g5 h,l}!ﬂ + (E — E)hﬁl"'qi + (; +
131-"3 5 *\-"E 1 *\-"E
120 )hﬁ”‘?z * (ﬁ + E)hﬁ”‘?a o (E + E)hﬁlﬂh
1 5
y'r;+q4 = f(xn+q41yn+q4) = f (xn + qﬁl, Va +E hﬁl"“h + Ehﬁl"'qz +

5 1
2 Rfara, + = Mfasa, ) J

The weight of the method is b = (bl,bg, fl'g, fll,], the values of bI, 1 = 1, ..4 are obtained by

evaluating the continuous scheme (2.10) at X;; = 1, this we obtain:

h:(i, LN i,i)z(bl, b,, by, b,) R (13)

12 127 127 12
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Now putting }’T;_,_qz. = f(xqu.,j}fqu.) = k;,1=0,1,....4. in Equation (12), we obtain the
Runge — Kutta Solution as:
1
m+1 = .}Jn+5h{(k1+k4j+ 5 (k2+ ka]} (14)
Where the kl- = ﬁ1+ﬁi’i =1,2,...4.
The method is summarized in the table (Butcher’'s Tableau).
Table 1: Butchers Tables.
C A
0 0 0 0 0
1_45 (£+£) (__;) (1_13«5) _(;_ﬁj
2 10 120 120 24 120 24 120 120 120
1,45 (- ;) (Z Hﬁ) (Z+ ;) — (L + _”)
2 10 120 120 24 120 24 120 120 120
1 1 5 1
1 - - i -
12 12 12 12
1 3 3 1
12 12 12 12
b
The table can also be rewritten in the form.
Table 2
c | AU

B

Where C = (€4,€5, ... €4)F, the abscissae, A = (a;;) i, = 1,4, the coefficients of the method;
U= (1,1,1,1)", V=(1), b = (by,b,, by, b,).
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METHOD ANALYSIS

(i) Consistency: The Runge-Kutta method (15) is consistent since:

4 4
Z a;; = Ci,z b,=1 (See Butcher's Tableau).
=1 i
(i) The stability of the method is obtained by considering the linear test equation.

vy =xy

puttingz= > h,h € (0,1)

The stability function is R (2):

R@=1+Zb" (I — ZA) U

I, is an identity matrix. The stability region (dom (R (2)) is the set of points in the complex plane:
R(z)|< 1.

The A — stability domain, dom (R (2)) is:

R(Z)={Z:Re(Z) <oand|R(Z) |< 1}

(iii) Order and error constant: The exact solution of (2.01) is defined as ¥V (Xn_,_l] and the

approximate Runge-Kutta solution is V,, 41 -
Both solutions can be expanded into Taylors Series as:
r 2,00
V(X)) =vix, + h) =y, +x; hy, +>x. 5y + o, ™y, (n) ...

and,

4 4 4
Vns1= Yn +h Z bk =y, +h Z b; f(xﬂ+qi’ j'}'il‘t+q'z') =¥t hz b; J}1;+Qi
i=1 i=1 i=1
4
i.e Yns1= Ypt+h Z by y'(en + q:h) = ¥y + byqshwyyy, + bz h*wayy
i=1

+ - bygrh™w, h™y, (n) ...

Now we define a linear difference operator L(}’n (I),h) as
L(v,(x),h) = v(X,:1) — Vyn+1. Expanding and expressing into one Taylor’s series we have:
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L(yn (leh] = y(xﬂ.+ 1] - J"r1..+1 = Cﬂyﬂ. + Clhyr; + CE hz.}{rf_h' C’p hpyﬂ(p] +
Cp+1hp+13’n(p+ 1).. (17)

We found that:

Cg=C1=C3...c, =0, ¢,,;, 70, p=6.

1
Thus the Runge — Kutta method is of order P = 6 and error constant Cppq =C7 = — 1512000
(see [3]).
ERROR ESTIMATION FORMULAR
Theorem: Any Runge-Kutta solution is of the form:
n
a1 = Vo + R Z bk, ,with step size vector h,has error estimate as E,
=1
where
i
Pt (G w
= — ’ -y (18)
aP+i_q n+1 n+1

)

h
3 respectively,p is the order of the method.

Where }nﬂ andy % arethe Runge — Kutta Solutions with step sizes h and

h .
Proof: Let the approximate solutions with step sizes h and S TE'S’pE'CtHFEE}f be

a1 = Ynps+ CA®D 4+ Ry () —— —— (0
and hj

G p+l ..
=i+ C(2)  +Rp) ————- (if)

The constant C is independent of the chose of step sizes since any Runge-Kutta solution can be
expanded into Taylors series and the terms agree with Taylor's series expansion up to order

P, Rnl (JC] and an (I) are the reminder terms of each expansion. Now since the solution is

unique, as P = 9, ¥Vnyq = Vnia = ¥ (Xni1), Rpa(x) and Rpp(x)  both approach
zeros, they can be neglected for large p. thus (i) and (ii) can be written as:

(h) +1
V(xpi1) = Vo1 + CHY SRRSO 119
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and

(E) Ry P+l ‘
Y(xped =3, + C (;) ceree e e e e = V), fOT large p.  (iv)
Subtracting (iv) from (iii) we have:
h p+1
(h) (‘) h
o=~ s (- ()
h
e cre— (2L w
| 27 +1—1) P ™ Pnna
_ 2P+ 2P 4141
Since o+ = Wi P
h
2P 41 = h
Then Ch p+l = —2P+1—1 !Tgijl — -}!']‘E+:]1

Take the least upper bound of Ch P*1 = E_ as error estimate

22T [ () _ ,@

WehaveET= Sptig Vns1 1

. (Error estimation formular).

Numerical Experiments

We use three problems with exact or analytic solutions to test our formulas.

Notations:
v(x,.1) = exactor analytic solutions.

.+, = computational solutions with step size h.

3
* _ 2
m+1 = Voo

h
= computational solutions with step size (E)

E, =y (Xpi1) — Vs (exact error)

E; = Calculated error, by method (18).
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Example 1: ¥ =3y + sin(x),y(0) = 1_111 h

1
y(x) = —— (cosx+ 3sinx)+

10

5

gl

1,

Example2: ¥ = —20y + Zﬂe_zx,y[{]],h =.01,

10

y (x;) =?

(E— z.ti _ E—Zl].ti]

Example3: ¥ = }’2 +x, y(0)=1

Analytic Solution — None

Table 3: Comparison of Solution of Problem 1.

X Y (x) Y+ Yne1 E, E,
.1 | 0.140521319993349 0.140521320576694 0.140521320002440 5.83E-10 5.83E-10
.2 | 0.206816303055460 0.206816304632021 0.206816303080027 1.58E-9 1.58E-9
.3 | 0.307730911320427 0.307730914515468 0.307730911370216 3.20E-9 3.20E-9
4 | 0.455091782454426 0.455091788209119 0.455091782544102 5.75E-9 5.75E-9
.5 | 0.664751896297314 0.664751906013248 0.664751896448720 9.72E-9 9.72E-9
Table 4: Comparison of Solution of Problem 2.
X Y (x;) Yn+i Yni1 {5, E;.
.01 | .179408800254 .179408800370 .179408800256 1.16E-10 1.16E-10
.02 | .322743770130 .322743770319 .322743770132 1.89E-10 1.89E-10
.03 | .436614330545 436614330777 436614330548 2.33E-10 2.33E-10
.04 | 526430424744 .526430424998 526430424748 2.54E-10 2.54E-10
.05 | .596619974294 .596619974554 .596619974298 2.60E-10 2.60E-10
Table 5: Comparison of Solution of Problem 3.
X ¥ (x) Y+ Va1 E, E,
A - .913794328431573 .913794328451718 - 2.05E-11
2 - .851191238284488 .851191238330888 - 4.71E-11
.3 - .807621623289533 .807621623356392 - 6.79E-11
4 - .779807312531194 .779807312610653 - 8.07E-11
5 - .765280591342032 .765280591426961 - 8.63E-11
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DISCUSSION / CONCLUSION

We used three test problems. The first two have
analytic solutions while the last has none. The
approximate solutions are highly efficient, the
actual errors E,. and computed errors E; are
equal (see error tables). This implies that our error
formula is accurate. The last example has no
analytic or exact solutions, but we can deduce the
level of accuracy from the calculated results, since
our E; is accurate we can deduce that E; = E|.

These methods help us to determine exact
solutions of problems arising from mathematical
models in science, engineering population etc.,
with no close—form or analytic solutions. Our
method is more general and accurate than
Feldberg method [2].
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